The dynamic response of an elastic half-space due to a buried spherical source is investigated for points on the surface of the half-space. An analytical model for the spherical source is obtained by modifying the point source theory of de Hoop for a source pressure function of the form P(t) = pot" exp (-at). However, since any point source cannot involve reflections from the source itself, our model is only an approximation to the real case which must involve reflections from the boundary of the spherical source itself. The present treatment is also cast in a scale-independent form in order to generalize the application. A comparison of our analytical model with the results of dynamic finite-element modelling (DFEM) shows excellent agreement for deep sources. However, for near-surface sources the tails of the waveforms are quite different, although the agreement for the peak amplitudes is good. This waveform discrepancy is due to reflection from the boundary of the spherical source itself; this boundary is naturally present in the DFEM solution. Furthermore, if reflections from the source boundary are neglected, the displacement directly above a near-surface source is, to a good approximation, directly proportional to the source pressure function. On the other hand, the displacement directly above a deep source is, to a good approximation, directly proportional to the first derivative of the source pressure function.
INTRODUCTION
The theory of wave propagation from a pressurized cavity in an infinite elastic medium is well developed. Important contributions have been made by Sharpe (1942) , Blake (1952) and Selberg (1952) . These studies are only relevant to vibrations within the body of the material, rather than on the surface. However, it is the waves generated at the surface of a material by embedded charges that are of importance in both geoscience and blasting physics. In this regard, the theory of wave propagation from a pressurized cavity in a half-space has been investigated by Ben-Menahem & Cisternas . (1963) , and Thiruvenkatachar & Viswanathan (1965) . However, the solutions obtained by these authors involve infinite series and are difficult to code numerically.
The main aim of the present study is to give an alternative treatment for the dynamic response of a half-space to a buried spherical source. In particular, the half-space point source theory of de Hoop (1961) is modified to obtain a simple analytic model of a spherical source in a half-space. The theory of de Hoop involves integral transforms with respect to both space and time and is, in fact, a modification of the classical work of Cagniard (1939) . Both the theory of de Hoop and our simple analytical model of a spherical source in a half-space are cast in a scale-independent form in order to generalize the application. Finally, the dynamic finite-element method (DFEM) is used to obtain a numerical solution for comparison with the present analytical models. The point source theory of de Hoop is considered first, then extended to mimic a spherical source. Figure 1 . Point source in a half-space.
SURFACE

DE HOOP'S POINT S O U R C E THEORY
Let P be a point source at a depth h below the surface of a uniform elastic half-space; the source is assumed to emit an impulsive dilatational wave. The elastic material of the half-space is characterized by its density p , Young's modulus E and Poisson's ratio v. The geometry is shown in Fig. 1 .
The origin of the coordinate system is taken to the point on the free surface directly above the source; the free surface is given by the plane z = 0. The horizontal distance from the origin to the point (x, y , 0) is denoted by r, and R is the distance from the point source to the point (x, y , 0). De Hoop (1961) gives the surface displacement, u(x, y , 0, t ) , at the point (x, y , 0) on the free surface as where H ( t ) is the Heaviside unit step function. The function f(t) determines the strength of the point source as a function of time; furthermore it is always assumed that f ( t ) = 0 for t < 0. The function f(')(t) is the second derivative of f(t) with respect to time t. In evaluating the derivatives, Dirac delta functions may arise. Mathematically the derivatives must then be considered as distributions (see, for example, Schwartz 1973) . If f(t) is given by f(t) = t(t > 0), then it is clear that g(x, y , 0, t ) can be regarded as the surface displacement. The vector function g(x, y , 0, t ) is the Green's function for the problem, and its polar components are given by g&, y , 0, 7) = 0, where 9?P is the 'real part of', and r, 4 and z are the polar coordinates of the point (x, y , 0) as shown in Fig. 1 , and
Y is an angular variable.
A, SCALE-INDEPENDENT FORM OF THE POINT SOURCE THEORY
'Hie de Hoop theory is now recast in a scale-independent form. We begin by placing both the Green's function g(x, y , 0, t ) and the source function f(t) in a scale-independent form.
Green's function g
Dimensionless distance and time variables are defined, respectively, as:
h ' h
Hence R = h ( l + 12)'". It is then easy to show that: 
and so ud is scale-independent in the dimensionless parameters 6, Y, and K
Eq. (12) gives the scale-independent representation of the displacement. It should be noted that the amplitude of the horizontal component of the particle motion at the point on the surface directly above the source ( 5 = r / h = 0) is zero, but is generally non-zero elsewhere. Furthermore, for sufficiently large distances along the surface, this amplitude attenuates with distance, r. Thus, it is clear that the amplitude of the horizontal component at the surface must achieve a maximum. Under the present condition this maximum is attained at approximately 6 = 1 (Fig. 2) .
(in this case f has a maximum of 1 X lop3 m3).
Similarly, using eqs (2), (6) and (7) the scale-independent form for the velocity can be expressed as:
where
SPHERICAL S O U R C E Analytical model
The source function f i n terms of a displacement potential function p(R, t ) is given by de Hoop (1961) as
Eq. (14) refers, of course, to a point source. For a spherical source of radius a, it is assumed that the appropriate expression relating f and cp is given by (Achenbach 1973 )
UP
That is, the radiation from a pressurized spherical cavity of radius a beneath a half-space is obtained from the (de Hoop) point source solution by substituting (R -a)/u,, for R/up. However, it should be appreciated that, since there can be no reflections from any point source, this modified solution cannot account for reflections from the boundary of the spherical cavity. In this study it is assumed that the pressure on the wall of the spherical cavity by a function of the form
where p , ) , n and a are constants. Eq. (16) is considered to be a realistic pressure loading for an explosive charge. where the angular frequency, wo, is given by wo = (u,,/u)(l -2v)"*(1 -v) and the damping factor, a", is given by For n >0, Baird et al. (1992) show that the displacement potential function cp, , is the nth partial derivative of cpo with
respect to (-a). For example, for n = 1, the displacement potential function, cpl, is given by where
Comparison of the analytical model and DFEM
The DFEM is used to model the radiation from a spherical source in an elastic half-space for the purposes of the validating the analytical model previously described. It should be appreciated that the DFEM naturally takes into account all reflections from the spherical cavity. Figure 4 shows the vertical component of the displacement obtained from the analytical model and DFEM at five distinct positions on the free surface (the geometry is exactly the same as that given in Fig. 1 except, of course, P now represents a spherical source of radius a). The model has the following parameters: P ( t ) = H(t)pote-2'x)o', p o is chosen so that P has a maximum value of 1 MPa; a = 2 m; h = 12 m; Young's modulus ( E ) = 78.57 GPa, Poisson's ratio (v) = 0.25 and density ( p ) = 2650 kg m-3.
There is excellent agreement between the analytical and DFEM results for this model in which h / a = 6. Excellent agreement was also observed for other parameters of the model provided the source is sufficiently removed from the surface (h/u > 4). However, if the source is too close to the surface (h/a < 4) then, although the agreement for the peak amplitudes is good, the tails of the wave pulses are quite different (result not shown). For a source close to the surface the reflections from the spherical cavity are evidently significant. These findings suggest that the analytical model ( R / u p replaced by ( R -a)/u, in the de Hoop theory) is valid provided the source is not too close to the surface; this condition is satisfied in most engineering blasting problems.
Scale-independent form
Since the DFEM results have shown that the modified point source theory is a good representation of a spherical source, the remaining treatment is conducted using the analytical theory alone. Thus the theory developed in previous sections is now placed in a scale-independent form for pressure functions of the form P ( t ) = H(t)p,t"e-"'. We introduce the dimensionless time -m t = J , U it should be appreciated that this is a different scaling to that used in the point source theory.
A scale-independent source corresponding to the pressure function P ( t ) = H(t)pot"e-a' can be obtained by choosing po=pcE (:)" and a = a,%, a where p, and a , are dimensionless constants, and E is Young's modulus. Hence the pressure function can be written as = H(t)pcE ( 7)" exp (-a,? ).
Hence, the scale-independent form of the pressure function is
To recast the displacement potential function in a scale-independent form we put The density p can be expressed as
( 1 -y )
5-
Specializing (23) to the case n = 1 and using eqs (25) and (26) Equation (37) is the scale-independent representation of the displacement.
Using f ( 3 ) from eq. (33), g from eq. (34) and eq. (2), the scale-independent form of the velocity can be expressed as
where Figure 5 shows the dimensionless displacement versus dimensionless time at f = 0 (i.e. 4 = 0 in Fig. 1 ) for various 7. The peak particle displacement (PPD) has been normalized to 1 and the subscript 0 denotes this normalization. The abscissa is the dimensionless time shifted by to (= ( h -a ) / a ) in order to ensure that the pulse onsets occur at the origin. The model parameters are: v = 0.25; P ( t ) = H(r)Ep,(rup/a) exp (-actupla), and a , = 1/6, p , = 5.78 X lop6 (this choice implies that EIP,,, = 7.857 X lo4).
It is not realistic, from a practical viewpoint, to consider a buried spherical source which touches the surface (7 = h / a = 1). However, the results for the case 7 = 1 are included for completeness. For large depths (large h ) Fig. 5 shows that the displacements at the surface are either positive or negative while for small depths displacements are always positive. Presumably, the negative displacements for a deep source are due to the inertial response of the medium or what might be termed 'the elastic rebound of the medium'. Figure 6 gives the pressure function and surface displacement at f = 0 for 17 = 1, and the surface displacement at f = 0 for 7 = 120 and the derivative of the surface displacement at f = 0 for 7 = 1. As in Fig. 5 the maximum values of amplitudes have been normalized to 1. Fig. 6 shows that the displacement at the surface for 7 = 1 is, to a very good approximation, directly proportional to the source pressure function. In fact, the ground displacement is forced to follow the pressure function for shallow sources. On the other hand, the surface displacement at f = 0 for deep sources (17 approaching infinity) is, to a very good approximation, directly proportional to be the derivative of the surface displacement at 5 = 0 for 7 = 1. Figure 7 shows plots of the vertical component of the dimensionless displacement versus dimensionless time at f = 2.5 (i.e. 4 = 68 degrees in Fig. 1 ) for the same model as appropriate to Fig. 5 . The maximum values of the first peaks have been normalized to 1, and the parameter (u,/a) , denotes these normalized amplitudes. In this case, the abscissa is shifted by a new time to = ( R -a ) / a . Fig. 8 gives the results for the horizontal component.
It should be appreciated that the spherical source generates only P waves. However, when these waves interact with the free surface other waves are generated. Thus the complicated nature of the waveforms in Fig. 7 and Fig. 8 is due to the interaction of the P wave from the source and the other waves caused by reflection.
The contribution of a reflected wave is clearly visible as the second pulse in Fig. 7 . It should be appreciated that at 5 = 0 there is no shear wave (see reflected wave decreases with the dimensionless depth q. Fig. 8 shows that the relative contribution of the horizontal component of the reflected wave is not dominant. Figure 9 shows the results for the dimensionless velocity versus dimensionless time at 5 = 0. The peak particle velocity (PPV) has been normalized to 1. The model is the same as that appropriate to Fig. 5 . Figure 10 shows plots of the vertical component of the dimensionless velocity at 5=2.5 for the same model as that appropriate to Fig. 9 . Fig. 11 shows plots of the horizontal component of the dimensionless velocity. 
CONCLUSIONS
The point source theory of de Hoop (1961) has been modified to obtain a simple analytical model of a spherical source in a half-space. The analytical model is straightforward to code in order to obtain numerical results. A comparison of our analytical model with the results of DFEM has shown excellent agreement provided the source is sufficiently removed from the surface. This indicates that if the source is sufficiently removed from the surface, then reflections from the boundary of the sphere are negligible with respect to measurements on the free surface. However, if the source is too close to the surface then, although the agreement for the peak amplitudes is good, the tails of the wave pulses are quite different. Both the de Hoop theory of a point source and the analytical model for the spherical source have been recast in a scale-independent form to generalize the understanding and application. If reflections from the source boundary are neglected, the displacement directly above a near-surface source is, to a good approximation, directly proportional to the source pressure function. On the other hand, the displacement directly above a deep source is, to a good approximation, directly proportional to the first derivative of the source pressure function. The results also show that the reflected waves are4 significant in the vertical component of the surface motion but not significant in the horizontal component.
